This paper considers the design, manufacture, mechanical testing and numerical analysis of a crossbow beam (limb). The limb should be lightweight and permit a high deflection of the beam's tip in order to achieve a good ballistic performance. Consequently, fibre-reinforced polymer matrix composites are suitable candidate materials. However, carbon fibres were considered too brittle for this application. Aramid fibres combine low density and high stiffness but are weak in compression. E-glass fibres are relatively flexible but are of high density. The optimised design developed here uses aramid fibres on the tension face with E-glass fibres on the compression side. This component was manufactured using resin infusion, modelled using a commercial finite element code (Abaqus ® ) and the model was validated by mechanical testing. A good correlation was found between the experimentally measured deflections and the numerical results.
shows the configuration of the key components of the crossbow. The limb deflection is a function of the draw length, s, limb length, L and the braced position, h [10] . A typical crossbow limb specification [11] requires that the limb must store sufficient energy to fire a bolt 
The work done by a force, F, moving a body through a distance, d, is given by:
The force is assumed to be a maximum at the start of the stroke and zero at the end. The requisite maximum force, FH, can be estimated from Equations 1 and 2 (remembering that Figure 1b only shows half of the system). 
The relationship between the radius of curvature, R, and the other crossbow dimensions is given in Equation 4 where N is half the chord length. The string is assumed to be inextensible [10] and the limb is assumed to bend in a circular arc. 
The force acting on the arrow, FH, is a function of the angle between the string and the arrow, .
At rest  is 90⁰, but as the string is drawn the angle decreases as shown in Figure 2 , and the deflections in the x and y directions are given by DX and DY respectively. The normalised force acting on the arrow is also shown in Figure 2 . This normalised force is a function of the end load 4 of the beam, F, and is given by Eq. 9 [10] ; the shape of the graph is similar to that given by Kooi et al. [8, 10] .
Figure 2: Variation of force and angle between string and arrow as string is drawn
The reinforcement options considered for the limb (Table 1) were carbon, E-glass and/or aramid fibre as monolithic or hybrid composites, or cored sandwich constructions. The limb was loaded at the end (bending load) and hence it carries a direct tensile load on the outer face and a compressive load on the inner face. Therefore unidirectional fibres oriented parallel to the beam axis will provide maximum stiffness [13] . Unidirectional (UD) carbon fibres offer highest specific modulus [13] and hence the lightest weight limb but are too brittle. E-glass fibres offer the highest strain to failure [14] which makes the limb more tolerant to higher deflection but results in the highest weight. Aramid fibres have low compression strength [14] [15] [16] although the tensile modulus of the fibre is double that of E-glass fibres [14] . Thus, a potential solution to satisfy the specification of this component is to combine the E-glass and aramid fibres to make a hybrid composite beam. The outer tension face of the beam can be reinforced by aramid fibres and also manufacturing time as no cutting is required to get the required width. Beam flexural stiffness increases linearly with width (breadth) whereas the stiffness is a function of thickness (depth) cubed. To achieve a given flexural stiffness it is therefore more weight efficient to increase thickness rather than width. On the other hand, a narrower limb will deflect more [19] resulting in a reduced FoS with respect to fibre failure strain. Under end loading, the maximum strain of the limb is near the restrained end. Typical failure strains for the fibres are given in Table 2 . Table 3 shows the required cross-section of the beam to fulfil the geometrical (length and width) and stiffness (deflection under prescribed load) specifications. The corresponding maximum predicted strains are also given in the table. were calculated such that the aramid layer was always in tension [18] . The limb was stiffened near the restrained (compression) end by an additional four layers of E-glass (see Figure 3 ). The clamped length was 0.05 m.
Prototype manufacturing
A prototype (0.475 m long) was manufactured by resin infusion with a flow medium/distributor mesh [20] [21] [22] [23] [24] using 0.05 m wide unidirectional aramid and E-glass tapes. A flat glass plate was used as a mould as the undeformed designed crossbow limb was straight. The aramid reinforcement was laid directly on the pre-released mould surface, E-glass tape was laid on top of aramid tape and then the two E-glass end reinforcement layers ( Figure 3 ). The manufacturing setup without vacuum bag is shown in Figure 4 . 
The arrow shows the resin infusion direction
To achieve the desired thickness of the product nine layers of aramid tape (194 g/m² ) and six layers of E-glass fibre tape (657 g/m² ) were used. The longitudinal stiffness of the limb is of key importance and thus care was taken to ensure the fibre was straight and parallel to the beam axis.
The infusion resin system was Sicomin™ 8100 epoxy resin with SH8422 hardener [34] . The resin was infused from the thicker end of the limb. The infusion rate was controlled to ensure that (a) the fibre alignment was not distorted, (b) the fibres were completely wetted (for optimum fibre adhesion to the matrix) [19] and (c) the void volume fraction was minimised. The plate was cured for 24 h at ambient temperature. Then the resin manufacturer recommended cure cycle (10⁰C/h ramp to 60⁰C, 16 h at 60⁰C then 1 h ramp down to ambient temperature) was followed with the vacuum maintained in the bag throughout the cure cycle.
The chosen design used both glass and aramid fibres which have different axial coefficients of thermal expansion [13] . This could lead to curvature of the component, especially where elevated temperature cure is involved. However, the component produced for this study was cured at low temperature and no significant curvature in the axial direction was observed.
Similarly, the radial coefficient of thermal expansion of aramid fibre is higher that that of glass fibre [13] which could lead to longitudinal splitting of the limb. No longitudinal splitting was observed in the final product.
Testing

Fibre volume fraction
The samples of the beam were cast into potting compound (epoxy resin) and polished to 6 micron diamond. The microstructure was examined using an Olympus BX60 optical microscope and analySIS™ image analysis software. Micrographs of the cross-section of the prototype limbs were used to estimate the fibre volume fractions [20] . A typical micrograph is shown in Figure 5 .
The thickness of the E-glass and aramid layers was measured separately from the micrographs using the image analysis software (analySIS™). Using optical microscopy the fibre volume fractions for the E-glass and the aramid layers were estimated as 63.5% and 67% respectively. A resin burn-off test [20, 25] was used to confirm the E-glass fibre volume fractions: a fibre volume fraction of 60% was measured, slightly below that calculated using optical microscopy but within the bounds of experimental error.
Deflection Test
To derive experimental load-deflection characteristics, the 0.475 m long crossbow limb was clamped for 0.05 m (half the length of the thickened section as shown in Figure 3 The total deflection D was calculated from x and y deflections using D= √(x 2 +y 2 ) as shown in Figure 7 .
The experimental beam was examined to establish that there was no delamination at the ply drop-off. 
Numerical analysis
The response of the structure to mechanical load was simulated using Abaqus ® finite element software. The Finite Element model used the experimental sample dimensions. The limb was modelled using 3-D elements ('S8R': 8-node double curvature quadratic thick shell elements, reduced integration [30] ). The material properties for the composite layers were calculated using the rule-of-mixtures with approximate fibre volume fractions (60% and 65% for E-glass and aramid respectively see Appendix 1) and standard fibre properties from Daniel and Ishai [17] .
The quadratic element formulation was selected as it can simulate a curved geometry more accurately and is known to perform better than the linear counterparts [28, 29, 31] . A structured mesh using rectangular shell elements was used as it is more computationally efficient than any other element shape [31, 32] 
Figure 8 : Finite element model
Since the beam deflections were large, geometric non-linearity was used [29, 33] . The computational time was 16 minutes on a dual-core 2 GHz computer. The experimental and FEA load-deflection characteristics are compared in Figure 9 . The experimental beam stiffness and FEA predictions (identified by the slope) both show a similar non-linear response with the experimental deflection being only 6% above the predicted value at the upper load. as shown in Figure 10 . The test setup is shown in Figure 11 . A Vishay P3 strain indicator and recorder were used to record the strain measurements at five load increments up to 350 N. All strain gauges were mounted on the aramid face only. 
Figure 11 : Test setup for design 2
A three-wire quarter bridge strain gauge circuit was used to measure the strain. The longitudinal strain and the transverse strain on the aramid (tensile) surface were measured and are shown in Figure 12 and Figure 13 respectively. The drop in the strain at strain gauge 4 is due to the increase in the thickness of the beam near the clamped end (extra E-Glass layers). calculated using rule of mixture [17] . Higher values of Poisson's ratio used for numerical simulation will affect the stiffness matrix calculated during the FEA solution. Table 4 . The experimental strain distribution at the maximum force of 350 N was compared to the corresponding numerical strain predictions. Experimental and FEA results were in good agreement (see Figure 15 ). The predicted strain on the tensile surface at the G-clamped end 
Design Optimisation
An initial design had been produced for the crossbow limb based on a commercial product specification. A prototype had been manufactured and its behaviour accurately simulated, providing confidence in the modelling methodology. This allowed the authors to produce a complete finite element representation of a crossbow (with a 0.4 m limb). The new model (see Figure 16 ) was used to calculate the energy imparted by the limb to the arrow. The cross section and the material properties of the crossbow limb were the same as for the prototype. The limb was meshed using the same 3-D elements ('S8R': 8-node double curvature quadratic thick shell elements, reduced integration [30] ). The variation in the total draw force (given by 2 limbs) with the draw length is shown in Figure   17 . A polynomial trend line was established (based on a least squares approximation [35] ) to get the relation between stroke positions and the draw force. The equation is shown on the plot in The energy delivered by the crossbow (i.e. 61 J) was roughly half (1.8) the energy required i.e.
(110 J). Therefore the design in its existing form will not meet the requirements. To fulfil the specification the stiffness of the limb (k=force/deflection) has to be doubled (see Eq. 14).
However, the deflection response of the limb is non-linear due to the large deflection and the stiffness of the limb cannot be calculated using this linear beam theory. The stiffness for the nonlinear beam can be estimated by differentiating the force with respect to deflection (Eq. 14). A polynomial trend line shown in Figure 18 is drawn through the force deflection curve to estimate the relation between the applied deflection and the reaction force, given in Eq. 15. 
The stiffness of the existing beam is given by Eq. 16 (by differentiating Eq. 15). The stiffness of the cross-bow shown in Figure 17 at 0.25 m deflection is 2125.8 N/m, Eq. 17. 
The stiffness of each limb at 0.25 m deflection is 1062.9 N/m. Table 5 . The E-glass reinforced end thickness is increased from 3.4 mm to 4.2 mm (see Figure 3 ). The FEA model was updated for the new cross section and the simulation was repeated. The simulated draw force against draw length for the updated model is shown in Figure   19 . 128J calculated using Eq. 11. Hence the limb will easily fulfil the design requirements. The FEA strain in the limb has changed slightly due to increased cross section, the strain value in the different layers are given in Table 5 and easily satisfy the factor of safety requirements.
Conclusions
A composite crossbow limb was designed to a predetermined specification, manufactured and tested. The design was then optimised using FEA. tension) of the limb and UD E-glass for the bottom layer (compression side) as aramid has poor compressive failure strain (0.32%) [16] .
The designed limb was manufactured by the resin infusion. This gave a good quality product.
The fibre volume fraction for the aramid layer was found to be 65% and for the E-glass layer it was 60%.
The deflection response and the strain in the limb during incremental loading were recorded. A FEA model of the tested sample gave simulation results which matched the experimental results.
Reverse calculations revealed that the energy delivered by the limb was too low. The design was optimised by increasing the stiffness of the limb at a given deflection force in the FEA model.
This methodology can be used to design and optimise products with similar characteristics (storing and releasing energy) to the crossbow such as leg prosthesis, leaf springs etc.
The Poisson's ratio of the limb was observed to decrease with increased strain.
Because of the time constraints further analysis of out of plane shear stresses at load introduction and reaction point was not carried out and the possibility of delamination near the dropped ply at the clamp position was also not considered. Fatigue life assessment of limb was not carried out.
